Lemma 2.1]. From this point on until the appendix, we impose this condition so that K is a p-adic field of finite degree over Q p .
We later also require the notion of p-adically completed sheaves evaluated on theétale site over a finite field extension k of F p . Suppose generally that A is an abelian variety over a number field L with good reduction at the prime p and denote by O L to be the integer ring of L with residue field k. We then let A {O L denote the Neron model of A over O L and write r A for the special fiber of A {O L at p. Then, for anétale extension k 1 of the finite field F p , we defineÂpk 1 q " lim Ý Ñ r Apκq b O for κ running over all finite etale sub-extensions of k inside k 1 . We can give an explicit description following [H15, pg 228] 
This is naturally a O-module, and although there is not necessarily an O K -module structure,ÂpKq at least contains an O K b Z O-submodule of finite index, which is the formal exponential image of the Lie algebra of A tensored over Z with O.
We consider these objects as modules over the p-adic Hecke algebras Ă End O p p Jq and q Ă End O p p J q generated by the Hecke operators over O. Fix a non-Eisenstein local ring T Ă corresponding to the Galois representation ρ valued in GL 2 pTq such that tracepρpFrob ℓ" T ℓ for primes ℓ ∤ Np (by non-Eisenstein, we mean a local ring that gives rise to an irreducible residual Galois representation). Let F be the residue field T{m T T. We useρ to denote the residual representation valued in GL 2 pFq obtained by the reduction mod m T , the maximal ideal of T. By residual irreducibility, this representation is uniquely determined as tracepρpFrob ℓis the image of the Hecke operator T ℓ in T for rational primes ℓ ∤ Np. We later make a choice of q as q-distinguished primes specified in a Taylor-Wiles system and by their choice of q, we can choose a local ring of q that projects isomorphically onto T, which we denote T q . The goal of this article is to then give a description of the T q -module structure of the p-completed Mordell-Weil group p J Tq pKq " p p J b q TpKq cut out by T q by examining the ∆ q -action on p J Tq pKq, given by the diamond operators. Before stating our first result, we first recall some technical conditions from Galois deformation theory that we will impose. Let D ℓ denote the decomposition subgroup at the prime ℓ. We say our local Galois representationρ : GalpQ{Qq Ñ GL 2 pFq is p-distinguished ifρ| Dp has the formρ| Dp "ˆχ 10χ 2˙, for charactersχ 1 ‰χ 2 . The representationρ is q-distinguished ifρ is unramified at q andρ| Dq "ˆα q 0 0 β q˙f or α q ‰ β q . In other words, ρpFrobhas two distinct eigenvalues. We say thatρ is p-ordinary ifρ| Dp "ˆχ 10χ 2˙f or χ 2 unramified. We say thatρ is flat at p if there exists a finite flat group scheme G over Z p with T{m T T Ă EndpGq andρ| Dp is realized on GpQ p q -pT{m T Tq 2 as a Galois module. We will later impose additional restrictions on our residual representationρ as part of a Galois deformation problem key in setting up the Taylor-Wiles system in our application. These are some of the necessary conditions that guarantee the existence of a deformation ring R, due essentially to Mazur [Maz97] . These technical conditions will be recalled in section 4.
Finally, we assume throughout this paper that the residual representationρ is absolutely irreducible when restricted to Qp a p´1q pp´1q{2 pq. This assumption is necessary to guarantee the existence of the Taylor-Wiles primes, which we recall later following Wiles.
The first result needed to prove the main theorem of this paper relates the two p-adically completed Jacobians p J T and p J Tq via the ∆ q -action:
has Eisenstein kernel and cokernel, so upon tensoring by a non-Eisenstein local component T of the p-adic Hecke algebra, we obtain the following: We prove this in the next subsection following some general results regardingČech cohomology. The main point is to interpret the Hecke action on the kernel and cokernel in question in terms ofČech cohomology groups. We compute explicitly that the action of T ℓ onČech cohomology is multiplication by ℓ`1 and that the kernel and cokernels naturally embed into certainČech cohomology groups.
2.1Čech cohomology
We begin by interpreting the Hecke correspondence action on Picard groups usingČech cohomology and demonstrating the relevant technical results. For this section, we work in a general setting. Most of the technical results in this section are found in [H15] . We restate some results here as our applications and the context differ. In [H15] , the primary application is control of U p -operators, whereas the application here is to explicitly describe the correspondence action of T ℓ operators on cohomology for primes ℓ different than p.
Let π : X Ñ Y denote a finite flat degree d covering of geometrically reduced, proper varieties over a base field k. Let U Ď Yˆk Y be a correspondence on Y with projections π 1 and π 2 and denote U X the pullback correspondence on Xˆk X with projection maps π 1,X and π 2,X .
For
Multiplication by π1 ,X α has a degree d characteristic polynomial P pT q and define the norm N U pα U q to be P p0q. We set the U action on H 0 pX , OX q to be Upαq " N U pα U q. To give the correspondence action of U onČech cohomology, we next describe the induced action of U on H 0 pX , OX psq q. Consider the iterated product π i,X psq " π i,XˆY¨¨¨ˆY π i,X :
X ps´jq and consider the two projections π psq 1,j and π
The norm map N Us " N π 2,X psq : π 2,X psq ,ˆOÛ s Ñ OX psq factors through the norm maps as N Us " N s˝Ns´1˝¨¨¨˝N1 , where N j is the norm map with respect to U j Ñ U j´1 .
In sufficiently nice situations, we obtain an explicit action of the Hecke operators acting onČech cohomology: 
, which gives the first assertion. For the second, we have that
Therefore, the hypotheses above are satisfied for U 1 and we deduce the second assertion. The third follows immediately from the second.
Application to p-adically completed Jacobians
TheČech to derived spectral sequence yields the following commutative diagram with exact rows:
We observe first that since X{Y is Galois thatȞ 0 pX{Y, J q is just group cohomology H 0 p∆ q , J q " J ∆q . Since T ℓ acts on theČech groupsȞ n pX{Y, OXq via multiplication by ℓ`1, we conclude that after completing p-adically (i.e. tensoring by O over Z) and tensoring by a non-Eisenstein local component of the Hecke algebra T the desired sheaf isomorphism
Tq .
Vanishing of the error term
We regard as above p J T and p J Tq asétale shaves over theétale site of Q p and let K be a finite extension of Q p . In this way, evaluating p J T and p J Tq gives the p-adically completed Mordell-Weil group lim Ð Ý J T pKq{p n J T pKq b Z O and lim Ð Ý J Tq pKq{p n J Tq pKq b Z O respectively. As a result of the previous section, we obtain an exact sequence of abelianétale sheaves for a non-Eisenstein local ring T Before proceeding, we first show that it is enough to show that e K vanishes for O " Z p . Suppose thatρ has values in GL 2 pFq for a finite extension F of F p and let O be the unramified extension of Z p with residue field F, i.e. the Witt vector ring with coefficients in F. Let L be a number field with integer ring
Qs as an abelian variety. Moreover, for a complete local ring S finite over Z p with residue field F, S is automatically an O-algebra by the universality of Witt ring, and hence S b Zp O " S m for m " rF :
. Thus, if we can prove control for T (and T q )-component ofĴ andĴ for Z p , it is valid for the unramified O. For more general O, we can further extend scalars from the Witt vector ring to O. Therefore, in the rest of this section, we assume O " Z p .
Vanishing at p
We discuss first the p-adically completedétale sheaf of an abelian variety A over a finite field of characteristic p. Let A be an abelian variety over the finite field F p and write, for ań etale extension k of F p , k " lim Ý Ñn F n for finite etale subextensions of F n of k. For an etale extensions k on theétale site of
For k a finite extension of F p , we simply haveÂpkq " Apkq b Z p . The sheafification of this presheaf yields the p-adic completion of A. As tensoring with Z p over Z is exact, this procedure transforms exact sequences of abelian varieties over F p to exact sequences ofétale sheaves on theétale site over F p . Proof : Write q " p n where n is the degree of k over F p . From the usual Lang's theorem, we have that the morphism σ : Apkq Ñ Apkq where σpxq " x´1¨x q is a surjection. The kernel of σ is precisely Apkq and looking at the corresponding long exact sequence of cohomology and using the fact that tensoring with Z p commutes with formation of Galois cohomology (as it is flat over Z), we conclude that H 1 pG k , Apkqq " 0 and and by taking the p-primary part (or by tensoring with
Proof : In the following for an abelian variety A over Q, the notation p ApFq is taken to mean evaluating the p-adic completion of the special fiber of the Neron model of A at the F in the manner described above (in applications, A will be either J or J). Consider the commutative diagram with exact columns, where the kernel of reduction A˝pKq is the formal group at the identity.
The Taylor-Wiles System
The goal of this section to prove Theorem B. We begin by proving the Or∆ q s-freeness of p J Tq pKq and subsequently generalizing this freeness to p-adically completed modular Jacobians y J T Q pKq, where y J T Q will range over an infinite set of finite sets Q to be defined precisely later. As in the original Taylor-Wiles paper, these freeness results are crucial in setting up the Taylor-Wiles system we use. We also briefly review Taylor-Wiles systems and deformation theory of Galois representations as needed for our applications. We conclude the section with some remarks on the torsion-free assumption of our main theorems.
Freeness over Or∆ q s
We wish to prove the Or∆ q s-freeness of the p J Tq pKq. To do so, we recall a key result due to Taylor and Wiles [TW95, Theorem 2] , demonstrating the freeness of Hecke algebras T q over the group ring Or∆ q s.
Taylor-Wiles Systems
We recall the Taylor-Wiles formalism, following Fujiwara [F06] , Diamond [D97] , and Hida [MFGC] :
As consistent with the rest of this paper, K denotes a finite extension of Q p , O denotes its integer ring, and F its residue field. The symbol m O denotes the maximal ideal of O.
Let X be a set of finite subsets of primes, which also contains H. We take a pair pR, Mq, where R is a complete noetherian local O-algebra with the residue field F and M a finitely generated R-module. A Taylor-Wiles system tR Q , M Q u QPX for pR, Mq consists of the following data:
(TW1) For Q P X and q P Q, q " 1 mod p. We denote by ∆ q the p-Sylow subgroup of pZ{qZqˆand ∆ Q is defined as ś qPQ ∆ v for Q P X. (TW2) For Q P X, R Q is a complete noetherian local Or∆ Q s-algebras with residue field F and M Q is an R Q -module. For Q " H, pR H , M H q " pR, Mq.
(TW3) A surjection R Q {I Q Ñ R Q of local O-algebras for each Q P X. Here, I Q Ă Or∆ Q s denotes the augmentation ideal of Or∆ Q s. For Q " H, it is the identity of R.
M Q is free of finite rank α as an Or∆ Q s-module for a fixed α.
The main theorem for Taylor-Wiles systems is the following:
Theorem 4.5. For a Taylor-Wiles system tR Q , M Q u QPD for pR, Mq, assume the following conditions.
(1) For any integer n P N, the subset X n of X defined by X n " tQ P X | q P Q ùñ q " 1 mod p n u is an infinite set.
(2) r " |Q| is independent of Q P X if Q ‰ H (3) R Q is generated by at most r elements as a complete local O-algebra for all Q P X.
Under these conditions, (1) R is O flat and is a local complete intersection ring and (2) M is a free R-module. In particular, R is isomorphic to the image T in End
O M.
Galois Deformation Theory
In this section, we recall some of the theory of Galois deformations and formulate the particular deformation problem for our application. Let Σ be a finite set of primes including the prime p and write Q Σ to denote the maximal extension of Q unramified outside Σ and 8. We fix an embedding Q and Q Σ in the complex numbers and we fix a choice of decomposition groups D ℓ for all rational primes ℓ. Let k be a finite field of characteristic p and letρ 0 : GalpQ Σ {Qq Ñ GL 2 pkq be an irreducible representation. We assume that detpρ 0 q is odd. We say that ρ 0 is a deformation ofρ 0 if ρ 0 is a representation of GalpQ Σ {Qq valued in an Artinian local ring A with residue field k such that the residual representation is equal toρ 0 . Following Mazur, we consider deformations equivalent up to a conjugation action of elements of the kernel of the reduction map GL 2 pAq Ñ GL 2 pkq.
In applications, it is useful to consider deformations ofρ that satisfy a range of conditions naturally arising from geometry. A deformation condition means a full subcategory of the deformations to T satisfying axioms (1)- (3) of [Maz97, pg. 289] . It is a theorem of Mazur utilizing Schlessinger's criterion that a formal deformation condition is relatively representable and that if the residual representationρ is absolutely irreducible, then it is represented by a quotient ring of the larger deformation problem. In our situation, we consider deformations of our residual deformationρ with coefficients in F from the non-Eisenstein maximal ideal m, so our deformation problems seek lifts ρ with coefficients in T. We consider the following deformation types:
• 1. Selmer deformations. We assume thatρ is ordinary and that the deformation has a representative ρ : GalpQ Σ {Qq Ñ GL 2 pTq such that ρ| Dp "ˆχ 10 χ 2˙w ith χ 2 unramified and χ 1 " χ 2 mod m T with det| Ip " ǫω´1χ 1 χ 2 for the cyclotomic character ǫ and ω is of order prime to p satisfying ω " ǫ mod p. 2. ordinary deformations. We impose the same conditions as in (1) but with no determinant conditions 3. strict deformations. The same as in (2), but imposed whenρ is not semisimple and not flat. In this case, we demand thatχ 1χ2´1 " ω.
Remark: As we work with weight 2 modular forms, cases (2) and (3) do not arise in our applications.
• Flat at p deformations. We assume in this case that each deformation ρ to GL 2 pTq has the property that for any quotient T{α of finite order ρ| Dp mod α is the Galois representation associated to a finite flat group scheme over Z p .
Additionally, the following types of minimal deformation conditions will be imposed at the primes of bad reduction that are necessary for the Taylor-Wiles method to work. These conditions were originally imposed by Wiles. There are three behaviors of the local Galois deformation we distinguish at primes ℓ where the representationρ is ramified. These are not necessarily mutually exclusive conditions.
(A)ρ| D ℓ "ˆα0 β˙f or a suitable choice of basis with α, β unramified characters satisfying αβ´1 " ω and the fixed space of I ℓ of dimension 1.
(B)ρ| I ℓ "ˆα 0 0 1˙, with α ‰ 1 for a suitable choice of basis (C) H 1 pQ ℓ , W q " 0 where W is the adjoint representation ofρ, where the adjoint representation W is the space of matrices Mat 2ˆ2 pFq whose Galois module action is given by x Þ Ñ gxg´1 for g P D ℓ and x P Mat 2ˆ2 pFq.
We impose for primes ℓ satisfying (A), (B), or (C) the condition that their deformations to T satisfy the following conditions respectively:
or a suitable choice of basis, with χ ℓ of prime order to p (C 1 ) detpρ| I ℓ q is of order prime to p
Following Wiles notation, M will denote the ramified primes satisfying (A), (B), or (C). We now describe the deformation problem that will be of concern to us. Let Q be a set of primes q " 1 mod p such thatρ is unramified and q-distinguished at each q P Q. We let J Q denote the modular Jacobian whose Galois group over J is precisely ∆ Q " ś qPQ ∆ q and write T Q to denote the p-adic Hecke algebra of J Q projecting to T. In particular, these Hecke algebras give rise to Galois representations with the same residual representationρ. We let M be the primes dividing N and let Σ denote the union of the primes M Y tpu Y Q, where we allow Q " H (the minimal case). Let G Q denote the Galois group GalpQ Σ {Qq. Let CNL O denote the category of complete, Noetherian local rings with the same residue field F as O, where the morphisms are given by local O-algebra local homomorphisms. We define the functor D p¨,Q,Σ,Mq : CNL O Ñ Sets where D p¨,Q,Σ,Mq pBq is the set of deformations ρ : G Q Ñ GL 2 pBq ofρ such that 1. the representation ρ satisfies¨, where¨is either the condition of being ordinary and p-distinguished or (2) flat 2. At primes ℓ P M satisfying (A), (B), (C), the representation ρ is required to satisfy conditions (A 1 ), (B 1 ), (C 1 ) respectively Work of Mazur and Ramakrishna gives the existence of a unique deformation ring R p¨,Q,Mq , which is complete, local, and Noetherian, and represents this functor. In our application, the set M always remains the same as the places where the residual representation ρ attached to T is ramified, i.e. those primes dividing N. Additionally, the set Σ depends only on Q. We therefore drop the Σ and M with this understanding and abbreviate our deformation problem D p¨,Q,Σq to D Q . We similarly drop the¨from the notation with the understanding that we are either in the (1) ordinary and p-distinguished or (2) flat case. We abbreviate the representing deformation ring in this case to be R Q . and thus the error terms e K vanish in many situations. When the error terms e K do not vanish, however, we can then produce non-trivial elements of the Tate-Shafarevich group X p J T pF q for a global field F when e Fv is non-zero for a finite place v of F . We hope to study this relationship and the case where K is a number field in the future.
As the methods used in this paper did not depend crucially on the fact we were in the elliptic modular case, another question for future investigation is whether or not the same arguments can be used in a Shimura curve setting.
